We study the synchronization of a van der Pol self-oscillator with Kerr anharmonicity to an external drive. We demonstrate that the anharmonic, discrete energy spectrum of the quantum oscillator leads to multiple resonances in both phase locking and frequency entrainment not present in the corresponding classical system. Strong driving close to these resonances leads to nonclassical steady-state Wigner distributions. Experimental realizations of these genuine quantum signatures can be implemented with current technology.
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Synchronization of self-oscillators is a subject with great relevance to several natural sciences [1, 2] . Its exciting frontiers include neuronal synchronization in the human brain [3, 4] , stabilization of power-grid networks [5] , as well as the engineering of high-precision clocks [6, 7] . Recent advances in nanotechnology will enable experiments with large arrays of self-oscillators in the near future [8, 9] . Whereas most research has focused on the classical domain, synchronization in the quantum regime [10] has become a very active topic. There has been much recent experimental progress with micro-and nanomechanical systems [11] [12] [13] [14] [15] , and theoretical proposals for mesoscopic ensembles of atoms [16] [17] [18] , lasers [19] , cavity optomechanics [20] [21] [22] [23] , trapped ions [24] [25] [26] , arrays of coupled nonlinear cavities [27] , and interacting quantum dipoles [28] . In addition, there are open conceptual questions on the relation of synchronization to entanglement or mutual information [29, 30] .
Studying a van der Pol oscillator, the most prominent example of a self-oscillator, recent theoretical work characterized how synchronization quantitatively differs between its quantum and classical realization in phase locking [24, 25] as well as in frequency entrainment [21, 22] . While synchronization is hindered by quantum noise compared to the classical model [21, 22] , noise is less detrimental [24, 25] than one would expect from a semiclassical description.
In this Letter we study self-oscillators for which both the damping and the frequency is amplitude-dependent. We show that their synchronization behavior is qualitatively different in the quantum and the classical regime. Focusing on a van der Pol oscillator with Kerr anharmonicity, we find two genuine quantum signatures. First, while synchronization of one such oscillator to an external drive is maximal at one particular frequency classically, the corresponding quantum system shows a tendency to synchronize at multiple frequencies. Using perturbation theory in the drive strength, we demonstrate that these multiple resonances reflect the quantized anharmonic energy spectrum of the oscillator. We show that these features are observable in the phase probability distribution if the Kerr anharmonicity is large compared to the relaxation rates and the system is in the quantum regime, i.e. the limit cycle amplitudes are small. In the semiclassical limit the energy spectrum becomes continuous, so that the resonances (and therefore the quantized energy spectrum) cannot be resolved. Using numer- ically exact simulations of the full quantum master equation, we find a second genuine quantum signature: for strong driving close to these resonances the steady-state Wigner distribution exhibits areas of negative density, i.e., the steady state is nonclassical.
Model.-We consider an anharmonic self-oscillator subject to an external drive. For concreteness, we will focus on a van der Pol self-oscillator with Kerr anharmonicity, but the results we present are generic and can be generalized to other anharmonic self-oscillators. In the rotating frame of the drive our model system is described by the quantum master equatioṅ
with Hamiltonian
, and Lindblad operator Lρ = coherent drive has amplitude E and frequency ω d that is detuned from the (harmonic) frequency of the oscillator ω m by ∆ = ω d − ω m . The oscillator is also subject to two incoherent processes described by the Lindblad operator L, i.e. linear (one-phonon) anti-damping with rate γ 1 and nonlinear (twophoton) damping with rate γ 2 .
Phase space description and semiclassical model.-Fully equivalent to the quantum master equation (1), the system can be described by a partial differential equation ∂ t W(α, α * , t) = ΛW(α, α * , t) for the Wigner distribution W [31, 32] with
Both the Kerr anharmonicity K and the van der Pol nonlinearity γ 2 lead to third-order derivatives in α that are necessary for nonclassical steady-state Wigner densities [33] . Indeed, for the van der Pol term γ 2 the third-order derivative is accompanied with a diffusion term limiting the genuine quantum behavior, whereas the Kerr term K gives us the opportunity to increase 'quantumness' without adding diffusion. Note that this could be equally well achieved with other anharmonic Hamiltonian terms, stemming e.g. from an anharmonic Duffing potential [34, 35] . In the limit of large limit-cycle amplitudes |α|, i.e. γ 1 γ 2 , we can neglect the third-order derivatives [24, 36, 37] and get
that contains only first-and second-order derivatives corresponding to drift and diffusion, respectively. As illustrated in Fig. 1 (b) , the drift term consists of an amplitude-dependent damping rate Γ = −γ 1 + 2γ 2 (|α| 2 − 1), an amplitude-dependent oscillation frequency Ω = −∆ + 2K(|α| 2 − 1) in the frame of the drive, and the drive of strength E. The diffusion is given by D =
. In the absence of driving E = 0 and using polar coordinates α = Ae iφ , the dynamics of the amplitude A decouples from the dynamics of the phase φ in Eq. (3). Within a Gaussian approximation similar to Refs. [38, 39] we solve for the radial steady-state distribution W(A) and find a mean amplitude
8 so that the relative deviation σ A /A 0 is negligible and we can approximate the amplitude-dependent diffusion constant with its value at A 0 , i.e. D ≈ (3γ 1 +2γ 2 )/4 > 0. In this case, Λ c is a Fokker-Planck-operator describing a classical process. The oscillation frequency Ω is sensitive to fluctuations in the amplitude A, i.e. σ Ω ∝ KA 0 ≈ K γ 1 /2γ 2 . Therefore, classically, the range of detuning ∆ for which phase locking and frequency entrainment occur becomes larger with increasing K and A 0 , as we shall also see in Figs. 3 (b) and (f).
Analytical treatment.-To gain some analytical understanding, we use perturbation theory [40] to approximate the steady state of the quantum master equation (1) in the limit of weak drive strength and large Kerr anharmonicity E γ 1 +γ 2 K. In analogy to standard perturbation theory for Hamiltonians, we decompose the quantum master equationρ
The firstorder correction to the steady state is
is the steady state of the unperturbed Liouvillian L 0 and L −1 0 is its Moore-Penrose pseudoinverse.
The unperturbed steady-state ρ (0) can be found analytically:
where (·) n denotes the Pochhammer symbol, Φ is Kummer's confluent hypergeometric function, and r = γ 1 /γ 2 [41] . We see that ρ (0) is diagonal in the number basis describing limit cycles without any preferred phase, i.e. their Wigner density is rotationally symmetric, and it depends only on the ratio of relaxation rates γ 1 /γ 2 and not the Kerr parameter K. In the limit of large r, corresponding to large mean amplitude, the ρ (0) nn follow a Gaussian distribution with mean n = r/2 and variance ∆ 2 n = 3r/4. This is consistent with the large-amplitude semiclassical treatment above, as both mean n ≈ A 2 0 and Fano factor ∆ 2 n/ n ≈ 4σ 2 A agree. In the opposite limit r → 0, the steady state is approximately
. Next, we exploit the fact that the superoperator L 0 can be decomposed into a term coupling diagonal density matrix elements and a term coupling off-diagonal elements separately. Neglecting terms of order γ 1 /K and γ 2 /K, we obtain the inverse L −1 0 in the off-diagonal subspace by inverting its diagonal so that L −1
where
Finally, as L 1 couples only neighboring Fock states,
has nonzero elements only on the minor diagonals, so that the first-order correction for the steady state is
The anharmonic quantum energy levels of the Kerr oscillator shown in Fig. 1 (a) lead to multiple resonances in the first-order response to an external drive. In the following we will discuss the consequences of these resonances in terms of phase locking and frequency entrainment. Phase locking.-It is well-known that there is not a unique way to define the phase operator in quantum mechanics [42] . One option [43] that has been used to study quantum synchronization [26] is the phase distribution P(φ) = To convert the phase distribution P(φ) into a single number characterizing the tendency to synchronize, we use the absolute value of the measure defined in Ref. [23] , i.e.
Note that the Hamiltonian in (1) is time-independent, as it is written already in the rotating frame of the external drive. As a consequence, S is also independent of time in steady state. The mean relative phase between the external drive and the self-oscillator is measured by θ. For synchronization to occur it suffices that there is only a small variation of the phase. Such a small variation leads to large values of |S | → 1, which we therefore adopt as our synchronization measure to compare phase locking in the quantum case (2) and the semiclassical case (3). The exact value of the relative phase θ is not relevant for our purposes and is therefore discarded here. Evaluating S for the perturbative steady-state solution (6), we obtain
Equation (8) is one of the main results of this Letter. S (ρ (1) ) is a coherent sum of resonances at ∆ = K(2m + 1) and width Γ m . They can be resolved for large Kerr anharmonicity K Γ m defined in Eq. (5). The number of visible resonances depends on the number of non-negligible probabilities ρ (0) mm in the unperturbed steady state ρ (0) . In the quantum limit r → 0, the resonances become more pronounced since fewer levels are occupied. In the limit r → ∞, the energy spectrum becomes continuous, so that the resonances can no longer be resolved.
With this analytical understanding in mind we now present exact numerical steady-state results of Eq. (1) obtained with the steady-state solver of QuTiP [44, 45] which we compare to the semiclassical approximation described by Λ c of Eq. (3), where the steady-state is found by discretizing the FokkerPlanck equation. In Figs. 2 and 3 the resulting phase-locking measure |S | is plotted as a function of the system parameters. The black solid line in Fig. 2 (a) shows |S | as a function of the detuning ∆/K for γ 2 = 7γ 1 , E = 2.25γ 1 and K = 50γ 1 . We find that the position of the resonances is very well described by Eq. (8) (red bold dotted line). In contrast, the semi-classical model defined by Eq. (3) would lead to a single, broad resonance (blue dashed line). Figures 2 (b)-(d) show how phase locking at the two maxima and the one minimum manifests in the steady-state Wigner distribution W(α, α * ). Figure 3 (a) illustrates how more resonances at ∆ = K(2m + 1) appear with decreasing γ 2 /γ 1 , as more Fock levels become populated, while each individual resonance becomes weaker. The semiclassical approximation depicted in Fig. 3 (b) shows broadening, but there is one smeared-out resonance, as the energy distribution is continuous classically. Figure 3 (c) shows the synchronization tongue, i.e. the synchronization measure as a function of detuning ∆ for increasing drive E. The ratio γ 2 /γ 1 is chosen such that three Fock levels have a nonnegligible population in steady state resulting in the two resonances for the full quantum description. As expected classically, the tongue is not split in Fig. 3 (d) showing the solution for Λ c . Finally, Figures 3 (e) and (f) illustrate that in the absence of a Kerr anharmonicity, K = 0, there is only one resonance as all energy gaps are identical for harmonic oscillators. For increasing K the resonance splits in the quantum system Fig. 3 (e) , while the classical resonance Fig. 3 (f) broadens. now use the power spectrum
to discuss the frequency entrainment [22] . In Fig. 4 (a) we demonstrate that for a nonzero Kerr anharmonicity K 0 the frequency entrainment shows resonances at detunings ∆ = (2n+1)K, similar to the resonances in phase locking discussed in the previous paragraph. For the parameters of Fig. 4 the drive is so strong that the dynamics goes beyond first-order perturbation theory and also diagonal matrix elements of the density matrix in steady state are changed. As shown in the inset of Fig. 4 (b) , for the detuning at the ∆ = 5K resonance the redistribution is from even to odd Fock states, which have negative Wigner density around the origin α = 0. Accordingly, the steady-state Wigner distribution shows strong negative density as shown in Fig. 4 (b) and therefore cannot be described in a semiclassical picture.
This clearly demonstrates that (quantum-induced) diffusion is insufficient to describe the synchronization dynamics of anharmonic oscillators, since derivatives of higher than second order are required to bring about a negative Wigner density [33] in the phase space formulation of quantum optics. Here, the higher-order derivatives stem from both the Kerr and the van der Pol nonlinearity, see Eq. (2). Interestingly though, in the case of linear instead of nonlinear damping, the steady-state Wigner distribution can be calculated analytically [46, 47] and it is always positive, even for K 0. Similarly, for van der Pol oscillators without Kerr term, only positivevalued Wigner densities have been found [22, 24] . These observations suggest that for harmonic driving only the combination of a Kerr anharmonicity and a van der Pol nonlinearity results in a nonclassical steady state.
Experimental implementation.-The driven van der Pol oscillator can be implemented with trapped ions, where onephonon gain and two-phonon loss can be engineered by driving different sidebands [24] . Also our additional requirement K Γ m is feasible, as trapping potentials with very large anharmonicities in position can be realized [48] [49] [50] with almost lossless resonators, e.g. K = 20 kHz in Ref. [49] and typical heating rates on the order of 100 Hz [51] . For optimized systems [52, 53] heating rates on the order of Hz have been reported. We further discuss effects of a finite heating rate in the Supplemental Material [35] . The Duffing anharmonicity χ(a + a † ) 4 found in trapped-ion systems may be approximated by a Kerr term for ω m χ a † a using the rotatingwave approximation (RWA). The corresponding Kerr parameter is then given by K = 6χ. We numerically confirm that the RWA has a large regime of validity [35] .
Synchronization can also be studied in optomechanical systems [11] [12] [13] [14] [15] , where as a future perspective strong Kerr anharmonicities may be engineered according to proposals [54] [55] [56] [57] .
Conclusion.-We have identified parameter regimes where synchronization of a quantum anharmonic oscillator is qualitatively different from that in the corresponding semiclassical model. We have shown that phase locking is resonantly enhanced and suppressed due to the quantization of possible oscillation frequencies, as reflected in the extrema of the synchronization tongue of Fig. 3 . This behavior can be understood with a simple analytical model leading to Eq. (8) . Frequency entrainment can switch from unlocked to nearly locked behavior at the same resonances as shown in Fig. 4 (a) . A further clear signature of nonclassical dynamics is the negative density in the steady-state Wigner distribution displayed in Fig. 4 (b) , which is in contrast to similar systems [47] . Possible experimental realizations include trapped ion setups or other platforms with strongly anharmonic spectrum. We expect that the genuine quantum signatures discussed here will be relevant in studies of synchronization in anharmonic oscillator networks or anharmonic oscillators coupled to other quantum systems such as qubits.
Supplemental Material In the main text we studied synchronization of a quantum van der Pol oscillator with Kerr anharmonicity for negligible coupling to its thermal environment. Here, we numerically check our predictions for the case of finite heating rates and for a Duffing type anharmonicity found e.g. in trapped ion systems as discussed in the section on experimental implementation of the main text.
We start from the quantum master equatioṅ
in the lab frame. Therefore the drive Hamiltonian
is time dependent, in contrast to master equation (1) from the main text, which is written in the rotating frame of the drive. In the Hamiltonian H 0 = ω m a † a + Since the Kerr Hamiltonian commutes with a † a, the master equation in the drive frame is time-independent. For the Duffing oscillator (and in general) the master equation remains time-dependent even in the rotating frame, so that also the synchronization measure S remains time-dependent and enters a limit cycle at frequency ω d . To compare S with the results from the main text, we could therefore either average over a period 2π/ω d or compare at a particular phase of the drive in the long-time limit.
To stay as close as possible to experiment and as the phase of the drive is generally known to the experimentalist, we choose the second option: For times ω d t = 2πn with n ∈ N we show in Fig. S1 that our numerical results from the main text hold for both finite temperature (a) and finite frequency, when considering a Duffing anharmonicity (b). As expected, the resonances in the synchronization tongue may still be observed for heating ratesnκ small on the scale of γ 1 , γ 2 . Similarly, for ω m K, the Duffing and Kerr anharmonicity are equivalent. Even outside the regime of validity of the rotatingwave approximation, the curves are shifted to lower frequencies, but the visibility of the resonances seems unaffected.
For the ratio K/γ 1 = 50 used in the figure, the ion trap parameters K = 20 kHz andnκ ≈ 100 Hz [49] correspond tō nκ/γ 1 = 0.25. The harmonic frequency ω m = 2.8 MHz from [49] fulfills ω m /K > 100. At both of these values Fig. S1 shows little deviation from the idealized setup studied in the main text.
In conclusion, our predictions are robust to realistic heating rates and can be observed equally well if the anharmonicity stems from a Duffing potential instead of a Kerr anharmonicity.
